3.18 De Moivre’s Theorem and nth Roots

The Complex Plane: every complex number can be associated
with a point in the complex plane. A complex number in the
form z = a + bi can be graphed as point (a, b) with the real
number a being place along the horizontal or real axis and the
Imaginary numbers along the vertical axis or imaginary axis.

EX.
Graph the complex number -2 + 4i.
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Absolute Value (Modulus) of a Complex Number:

7/=[a+bi|=a?+b

In the complex plane, ‘a+bi‘is the distance of a+bi from the

origin. [
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The trig form of the complex number z=a + bi is

Z=r(cos &+ isin O

where a = r cos@, b=r siné, r=Ja?2+b?, and tané?:g. The

number r is the absolute value or modulus of z, and & is an
argument of z.

Finding trig forms
Find the trig form with 0 < 6 < 2r for the complex number.

a) 1-3i b) —3-4i

a=1 b= -3 a=-3 b=-+4

r= J@2+(—3)2=2 r=\(-3)2+(-4)2=5
reference angle Hz%z reference angle 8 ~4.07

50, 1-3i =2c0s>% & +2|3|n53 50, —3—4i z:S(cos4.07+isin4.07)

Product and Quotient of Complex Numbers

Letz, =r,(cosé,+ising,) and z, =r,(cosé,+isiné,)
2,2, =nr,[(cosé +6,)+isin(6,+6,)]

b i[(COS 6,—0,)+1sin(6,-0,)]
Z, T,



Multiplying Complex Numbers
Ex. Express the product of z,and z, in standard form.

21=25J§(cos%+isinﬂ) z ,=14(cosZ +isin%)

4 3 3
Solution:
22, =25142 {COS(% +%J+ isin [%+%)]
=350J§£cos%+isinlﬁzJ

=478.11+128.11i

De Moivre’s Theorem

Letz=r(cos@+isind) and let n be a positive integer. Then
2" =[r(cos@+isin@)]" =r"(cosnd+isinnb)

3

Use De Moivre’s Theorem to find (1+iﬁ)

Solution: We need to find the argument (6’) and the modulus (r)

of (m@f’.
«9:% r=2

Now using the theorem,

_ T /A
2_2[cos§+|sm§J
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z3=8(cosz+isin7zj=8(—1+Oij:—8

nth Root of a Complex Number:
A complex number v =a + bi isan nth root of zif V'=z.

If z=1, then v is an nth root of unity.

nth Roots of a Complex Number
If z=r (cos @+ isin #), then the n distinct complex numbers

or O+27xk . . 0+27k
| cos " +|smT where k=0, 1, 2, ...n-1, are the

nth roots of the complex number z.

Finding Fourth Roots
Find the fourth roots of z :5(cos£+isin£J.

3 3
n=4andk=0,1,2 3

The fourth roots are the numbers

Tiork T 42xk
45| cos 3 +isin 3

A A fork=0,1, 2, 3.

Zl=%£COS(%+gJ+iSin(£+9j]
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_45 T ..
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22=%(003[1+Zj+isin(é+gn
_L\]./_(COSE-FlSln?—]

12

ﬂ_(cos(”ﬂ_”jﬂsm(z Zz”ﬂ
_Q/_(COS—HSIHB—HJ

12

Z, ‘T[cos(lﬁ_”jﬂsm(% 37”]}
—il/_[cosw—”ﬂsmw—”J

12

Finding Cube Roots
EX.
Find the cube roots of the complex number.

T iain 7T
2(cos_+|smzj

il
n=3, k=0,1,2

2k + 2kr+7
?/?{cosﬂ34+|sm7;4}

— k+1) . 7r(8k+1)
\/_(cos 1 +isin 1 ]



Finding roots of unity
EX.

Find the fourth roots of unity and graph each root in the

complex plane.

Solution:
The nth roots of unity are:

COSZk—”Hsm Zk” k=012....

So for the fourth roots of unity we would have,

lecosﬁﬂsin&:lqtm

4 4

Z, —c0521”+|sm21”_0+]j
4 4
20277 2:27

Z =C0S=—"2 7 +isin=== T T _—_1+0i

7 —c0sZ3% Lisin237% _0—1i

4= 4 4

-1



